In this paper, we introduce an algorithm for solving the fixed point problems for total asymptotically nonexpansive multi-valued mappings in Banach spaces, weak and strong convergence theorems are proved. The results presented in this paper improve and extend some recent corresponding results.
Introduction
Throughout this article, we always assume that E is a real Banach space with norm · , → and are denoted by strong convergence and weak convergence, respectively. An element p ∈ K is called a fixed point of a single-valued mapping T if p = T p and of a multi-valued mapping T if p ∈ T p. The set of fixed points of T is denoted by F (T ).
Fixed point problems for multi-valued mappings are more difficult than those of single-valued mappings and play very important role in applied science and economics. Nadler [6] started to study fixed points of multi-valued contractions and nonexpansive mapping by using the Hausdoff metric. Recently, many authors have proposed their fixed point methods for finding a fixed point of multi-valued mapping using the Hausdoff metric, see [7, 8, 10] .
A subset K of E is called proximinal if for each x ∈ E, there exists an element z ∈ K such that
It is known that weakly compact convex subsets of a Banach space and closed convex subsets of a uniformly convex Banach space are proximinal. We will denote the family of nonempty bounded proximinal subsets of K by P (K). Let CB(K) be the class of all nonempty bounded and closed subsets of K. Let H be a Hausdorff metric induced by the metric d of E, that is
For multi-valued mapping T :
(1.1)
For multi-valued mapping T : K → CB(K), T is said to be a contraction if there exists a constant α ∈ (0, 1) such that
Banach contraction principle guarantees that every contractive mapping defined on complete metric space has unique fixed point.
A multi-valued mapping T : K → CB(K) is said to be nonexpansive if
where φ : [0, ∞) → [0, ∞) is continuous and strictly increasing function with φ(0) = 0, α n and β n are nonnegative real sequence such that α n → 0 and β n → 0 as n → ∞. The class of mapping was introduced by Albert et al. [1] .
A multi-valued mapping T :
Hussain and Khan [4] , in 2003, introduced the best approximation P T to find fixed point of *-nonexpansive multi-valued mapping and proved strong convergence of its iterates on a closed convex unbounded subset of a Hilbert space, which is not necessarily compact. Later, Cholamjiak et al. [2] introduced a modified Mann iteration and obtained weak and strong convergence theorems for a countable family of nonexpansive multi-valued mappings by using the best approximation operator in Banach space. They also gave some examples of multi-valued mappings T such that P T are nonexpansive.
Recently, Khan and Yildirim [5] introduced a new iteration scheme for multivalued nonexpansive mappings:
where ν n ∈ P T (x n ), μ n ∈ P T (y n ) and 0 < λ, η < 1. The new iteration that be introduced by Khan and Yildirim [5] used the idea for a single-valued mapping introduced by Albert et al. [1] . In the paper [5] , they obtain fixed point theorem of multi-valued nonexpansive mappings in Banach spaces, their results improve corresponding results, see [3, 7] . The purpose of our paper is to consider total asymptotically nonexpansive multivalued mappings based on (1.6). Weak and strong convergence theorems are established in Banach spaces.
Preliminaries
In order to prove our main results, we need the following definitions and lemmas Definition 2.1. A Banach space E is said to satisfy Opial's condition if for any sequence {x n } in E, x n x implies that lim sup
Definition 2.2. A multi-valued mapping T : K → CB(K)
is called demiclosed at y ∈ K if for any sequence {x n } in K weakly convergent to an element x and y n ∈ T x n strongly convergent to y, we have y ∈ T x.
Definition 2.3. A multi-valued mapping T : K → CB(K) is said to satisfy condition (I) if there exists a nondecreasing function
Lemma 2.4.(see [12] ) Let {r n }, {s n }, and {t n } be three nonnegative sequences satisfying condition:
where n 0 is some nonnegative integer. If (1) x ∈ F (T );
Lemma 2.6.(see [9] ) Let E be a uniformly convex Banach space and 0 < p ≤ t n ≤ q < 1 for all n ∈ N. Suppose that {x n } and {y n } are two sequences of E such that lim sup n→∞ x n ≤ r, lim sup n→∞ y n ≤ r and lim n→∞ t n x n + (1 − t n )y n = r hold for some r ≥ 0. Then lim n→∞ x n − y n = 0.
Main Results
Let E be a uniformly convex Banach space and T be a total asymptotically nonexpansive mapping as defined in (1.4) . Assume that p ∈ F (T ) = ∅ and there exists a positive constant M * , then
Theorem 3.1. Let E be uniformly convex spaces and K a nonempty closed convex subset of E. Let T : K → P (K) be a multi-valued mappings, such that F (T ) = ∅ and P T is a {α n , β n , φ} -total asymptotically nonexpansive mapping. Let I − P T be demiclosed with respect to zero. For arbitrarily chosen x 1 ∈ K, {x n } is defined as following :
Where ν n ∈ P n T (x n ), μ n ∈ P n T (y n ) and 0 < λ, η < 1, {α n }, {β n } and φ satisfy the following conditions:
Then {x n } converges weakly to a fixed point of T . Proof. We divide the proof into three steps:
Step 1. We first show that lim n→∞ x n − p exists for p ∈ F (T ). Let p ∈ F (T ). Then p ∈ P T (p) = {p} by Lemma (2.5). It follows from (3.1) that
where
Substituting (3.3) into (3.2), we have
substituting ( * ) into (3.4), we have
exists, f or each p ∈ F (T ).
Step 2. We show that lim n→∞ d(x n , T x n ) = 0. Since lim n→∞ x n − p exists for each p ∈ F (T ). We suppose that lim n→∞ x n − p = c for some c ≥ 0.
Similarly, lim sup
Applying Lemma(2.6), we have
Taking limsup on both sides of (3.3), we obtain lim sup
On the other hand,
Combining (3.6) and (3.10), we have Since
Step 3. We show that {x n } generated by (3.1) converges weakly to a fixed point of T . Let p ∈ F (T ) = F (P T ). From step 1, we know thatlim n→∞ x n − p exists. Now we prove that {x n } has a unique weak subsequential limit in F (T ). To prove this, let z 1 and z 2 be weak limits of the subsequences {x n i } and {x n j } of {x n }, respectively. By (3.14) there exists ν n ∈ T x n such that lim n→∞ x n − ν n = 0. Since I − P T is demiclosed with respect to zero, therefore, we obtain z 1 ∈ F (P T ) = F (T ). In the same way, we can prove that z 2 ∈ F (T ).
Next, we prove uniqueness. For this, suppose that z 1 = z 2 . Then by Opial's condition, we have
which is a contradiction. Hence {x n } converges weakly to a point in F (T ). Theorem 3.2. Let E be uniformly convex spaces and K a nonempty closed convex subset of E. Let T : K → P (K) be a multi-valued mapping such that F (T ) = ∅ and P T is a uniformly L-Lipschitzian and total asymptotically nonexpansive mapping. Let {x n } be the sequence as defined in (3.1), then {x n } converges strongly to a fixed point F (T ) if and only if lim inf n→∞ d(x n , F (T )) = 0.
Proof. The necessity is obvious. Conversely, suppose that lim inf n→∞ d(x n , F (T )) = 0. As proved in Theorem 3.1, we have
This implies that lim n→∞ d(x n , F (T )) exists and so by the hypothesis lim inf n→∞ d(x n , F (T )) = 0. So we have lim n→∞ d(x n , F (T )) = 0. Next, we show that {x n } is a cauchy sequence in K. Let ε > 0 be arbitrarily chosen. Since lim n→∞ d(x n , F (T )) = 0, there exists a constant N 1 such that for all
Let N = max{N 1 , N 2 }, so for n ≥ N, we have
Hence, {x n } is a Cauchy sequence in a closed subset K of Banach space E, and so it must converge in K. Let lim n→∞ x n = q. now
On the hand, P T is a uniformly L-Lipschitzian mapping,
which gives that d(q, P T q) = 0. But P T is a total asymptotically nonexpansive mapping so F (P T ) is closed. Therefore, q ∈ F (P T ) = F (T ). Theorem 3.3. Let E be a uniformly convex Banach space and K a nonempty closed convex subset of E. Let T : K → P (K) be a multi-valued mapping satisfying condition (I) such that F (T ) = ∅ and P T is a asymptotically nonexpansive mapping. Let {x n } be the sequence as defined in (3.1), then {x n } converges strongly to a point of F (T ).
proof. By Theorem 3.1 lim n→∞ x n − p exists for all p ∈ F (T ). Let this limit be c for some c ≥ 0.
If c = 0, there is nothing to prove. Suppose c ≥ 0. As proved in Theorem 3.1, we have Since f is a nondecreasing function and f (0) = 0, it follows that lim n→∞ d(x n , F (T )) = 0. Now applying Theorem 3.2, we obtain the result.
